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As a starting point for the considerations presented in the paper, the following problem of Wiegerinck from 1984 (see \[[@CR24]\]) may serve. Does the Bergman space $\documentclass[12pt]{minimal}
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Basic objects of study in several complex variables are domains of holomorphy defined as follows: For the family $\documentclass[12pt]{minimal}
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                \begin{document}$$L_h^2$$\end{document}$-domains of holomorphy (in arbitrary dimension). The characterization given in Theorem [2](#FPar3){ref-type="sec"} is expressed with the tools of extremal functions defined with the aid of homogeneous polynomials. As a consequence, the description delivers some kind of an approximation of homogeneous logarithmically plurisubharmonic functions with the help of logarithms of roots of absolute values of homogeneous polynomials. That kind of approximation extends to some degree classical results in more general or similar situations (see the final discussion in Sect. [2.2](#Sec4){ref-type="sec"}, \[[@CR20], [@CR22]\]).

The proof of Theorem [7](#FPar10){ref-type="sec"} follows from results of Jucha (see \[[@CR12]\]) where the problem of Wiegerinck was studied for Hartogs domains. Employing the potential theoretic methods applied by Jucha, we present additionally an effective and simple algebraic criterion for a homogeneous polynomial to be square integrable on pseudoconvex balanced domains in dimension two (see Theorem [11](#FPar15){ref-type="sec"}). This theorem has many consequences as to the positive definiteness of the Bergman kernel, and the positive definiteness of the Bergman metric is concerned (see Corollaries [12](#FPar16){ref-type="sec"}, [13](#FPar18){ref-type="sec"}, [15](#FPar21){ref-type="sec"}). In particular, with its help we may conclude the existence of domains of Siciak's type having completely different properties (see Theorem [17](#FPar23){ref-type="sec"}). The fact that domains of Siciak's type admits so different possibilities appear as a surprise to us.
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Although the problems of positive definiteness, being an $\documentclass[12pt]{minimal}
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                \begin{document}$$L_h^2$$\end{document}$-domain of holomorphy or Bergman complete in the class of bounded balanced pseudoconvex domains, are either trivial or fully understood, the situation in the unbounded case is still unclear. We present a few results on these subjects. We think the methods and ideas presented in our paper may help the Reader to develop new methods to cope with the problems. Let us mention here that recently a lot of effort was invested in investigation of these problems in many classes of unbounded domains (see e.g., \[[@CR1], [@CR3]--[@CR5], [@CR17]\] or \[[@CR18]\]). As we saw the problem of Wiegerinck drew a lot of effort recently and except for partial results already mentioned above, the problem was repeated in a recent survey on problems in the theory of several complex variables (\[[@CR6]\]).

As already mentioned a special role in our considerations and motivation for understanding the phenomena in the class of unbounded balanced domains was played by a special class of (in some sense wild) domains. The example of that type was given by Siciak (see \[[@CR21]\]), and it serves as a good candidate for counterexamples in many situations. Formally, the class $\documentclass[12pt]{minimal}
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Unless otherwise stated we shall work with$$\documentclass[12pt]{minimal}
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As already mentioned the main interest of our paper is devoted to unbounded balanced domains. A natural class of such domains, which may be a good starting point for exploring properties of unbounded balanced domains, may be the class of *elementary balanced domains* by which we mean the family of domains defined by functions *h* given by the formula:$$\documentclass[12pt]{minimal}
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In order to understand the situation in the class of unbounded balanced domains, it may be useful to understand how the situation looks like for elementary balanced domains. To work with a general unbounded balanced domain often requires more sophisticated methods to work with.
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One also gets the following equality$$\documentclass[12pt]{minimal}
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### Remark 4 {#FPar7}

Observe that for an arbitrary domain with univalent envelope of holomorphy the condition in the above corollary implies that *D* is automatically pseudoconvex (see \[[@CR14]\]).
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### Remark 6 {#FPar9}

It is unclear how to get Proposition [5](#FPar8){ref-type="sec"} for arbitrary balanced $\documentclass[12pt]{minimal}
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Bergman Spaces in Two-Dimensional Balanced Domains {#Sec5}
==================================================
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### Theorem 7 {#FPar10}
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Then, by ([25](#Equ25){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \limsup _{|\lambda |\rightarrow \infty }\left( \sum _j\alpha _j\log \left| 1-\frac{a_j}{\lambda }\right| +\left( \sum _j\alpha _j-1\right) \log |\lambda |+g(\lambda )\right) <\infty \end{aligned}$$\end{document}$$from which we conclude that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \limsup _{|\lambda |\rightarrow \infty }\left( \left( \sum _j\alpha _j-1\right) \log |\lambda |+g(\lambda )\right) <\infty . \end{aligned}$$\end{document}$$The above function is from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}$$\end{document}$, *g* is harmonic on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {C}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _j\alpha _j\le 1$$\end{document}$ (and the sum is taken over a finite set). Thus, one easily gets from the standard properties of harmonic functions that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g\equiv const$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _j\alpha _j=1$$\end{document}$, which easily finishes the proof. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 8 {#FPar12}

The above description of balanced domains with trivial Bergman space may be formulated as follows: $\documentclass[12pt]{minimal}
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### Remark 9 {#FPar13}

The above result leaves many questions open. For instance, does the dichotomy on the dimension of $\documentclass[12pt]{minimal}
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What is the description of pseudoconvex balanced domains with a trivial Bergman space in higher dimension? Do they have to be elementary balanced domains as it is the case in dimension two?
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### Remark 10 {#FPar14}

Recall that the main result in \[[@CR7]\] assures the infinite dimensionality of $\documentclass[12pt]{minimal}
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Square Integrable Homogeneous Polynomials {#Sec7}
-----------------------------------------
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Making use of the standard compactness argument, we get the following.

### Theorem 11 {#FPar15}
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Now, the above result has many consequences.

### Corollary 12 {#FPar16}

For the balanced pseudoconvex domain $\documentclass[12pt]{minimal}
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### Proof {#FPar17}

Recall that for the balanced pseudoconvex domain we get $\documentclass[12pt]{minimal}
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Similarly, we get the following.

### Corollary 13 {#FPar18}

For the balanced pseudoconvex domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_h\subset \mathbb {C}^2$$\end{document}$ the following are equivalent:(i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_h$$\end{document}$ admits the Bergman metric;(ii)the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_1,z_2\in L_h^2(D_h)$$\end{document}$;(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu (\log h,[v])<1/3$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[v]\in \mathbb {P}^1$$\end{document}$.

### Proof {#FPar19}

The equivalence of the second and third condition follows from Theorem [11](#FPar15){ref-type="sec"} (applied to the functions $\documentclass[12pt]{minimal}
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### Example 14 {#FPar20}

To illustrate the results from above we give the following three simple examples:$\documentclass[12pt]{minimal}
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### Corollary 15 {#FPar21}
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### Remark 16 {#FPar22}

Recall that there are balanced (in fact even Reinhardt) domains that are not bounded but that satisfy the assumption of the previous corollary. In fact, we may take for instance$$\documentclass[12pt]{minimal}
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It turns out that there are domains from $\documentclass[12pt]{minimal}
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### Theorem 17 {#FPar23}
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### Proof {#FPar24}
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It is now a straightforward consequence of the above corollaries, that, no matter how $\documentclass[12pt]{minimal}
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### Remark 18 {#FPar25}

Examples that were studied in \[[@CR17]\] show that it is a kind of the Lelong number which may be responsible for the fact that the balanced domain is Bergman complete. More precisely, the following description of Bergman complete balanced domains in $\documentclass[12pt]{minimal}
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Recall that all bounded pseudoconvex balanced domains are Bergman complete (see \[[@CR11]\]) as well as the domain defined in ([34](#Equ34){ref-type=""}) (see \[[@CR17]\]).

As we have seen the domains from the class $\documentclass[12pt]{minimal}
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